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Abstract
We explore, using recently developed efficient Monte Carlo simulation method, in-
teraction of anionic polyelectrolyte solution with a like-charged membrane. In addition
to polyions, solution also contains salt with either monovalent, divalent, or trivalent
counterions. In agreement with recent experimental observations, we find that multi-
valent counterions can lead to strong adsorption of polyions to a like charged surface.
On the other hand, addition of 1:1 electrolyte diminishes the adsorption induced by
the multivalent counterions. Dielectric discontinuity at the interface is found to play
only a marginal role for the polyion adsorption.
Introduction
Charged polymers are very important for different areas. They are used in industry as
purifying agents.1,2 The strong electrostatic interactions promoted by polyelectrolytes can
induce phase transitions in a solution of bigger oppositely charged objects. This can lead to
coagulation, separating undesirable species from water. Polyelectrolytes are used in medical
applications as antibiotics,3–7 and in diagnostics as chemical sensors.8,9 For amphiphilic poly-
electrolytes the antimicrobial behavior appear to be related with the electrostatic interactions
between the negative charges of the membrane and the positive charges of the polyion, as
well as the hydrophobic interactions between the phospholipids and the polyelectrolytes. In
our body, DNA is a negatively charged polyion which can interact with positively charged
liposomes or proteins. A number of groups have studied charged polymers interacting with
oppositely charged surfaces.10–18 Some groups focused on curvature effects, studying the ad-
sorption on a oppositely charged spherical surface.19,20 The Hofmeister effect, or ionic speci-
ficity, was observed in the adsorption of polyions to interfaces21–23 besides being observed in
a lot of other systems. Other authors have investigated the attraction between like-charged
macroions.24–30 The attraction is short ranged and depends on the presence of multivalent
counterions. The mechanism responsible are the correlations between condensed counteri-
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ons surrounding the polyelectrolytes. However, only recently some groups have started to
explore the interaction between polyelectrolyte and like-charged membranes.31–33 This study
can lead to important applications in future.
Simulations of Coulomb systems are difficult because of the long range nature of the
Coulomb force.34 In a slab geometry the complexity increases further because of the re-
duced symmetry which complicates implementation of the periodic boundary conditions
using standard Ewald summation techniques. Different methods have been devised in order
to overcome these difficulties.35–40 Recently, we introduced a new method which allows us
to efficiently perform simulations of systems with underlying slab geometry.41 The method
was developed specifically to study inhomogeneous Coulomb systems near charged surfaces,
such as electrodes, membranes, or large colloidal particles. The idea of the new approach
is to separate the electrostatic potential produced by the uniformly charged surface from
the other electrostatic interactions, threating it as an external potential acting on ions and
polyions. The difficulty, however, is that such separation results in a non-neutral Coulomb
system which, when treated using regular Ewald summation, leads to infinite electrostatic
self energy. However, we were able to show that this infinite contribution can be renormal-
ized away, resulting in a well defined finite electrostatic energy which can be used within
the Metropolis algorithm to very efficiently perform Monte Carlo simulations. A similar
approach was also recently proposed,42,43 although the derivations and motivations were dif-
ferent from ours. Their motivation was the study of slab systems with a net charge. In the
present paper we will show how to modify the energy expressions derived in Ref.41 in order
to study systems with dielectric discontinuities.44
A particularly interesting application of the new algorithm, presented in the present
paper, is to explore adsorption of polyions to a like-charged dielectric surface inside an
electrolyte solution containing multivalent and monovalent counterions. In this paper we
will show how these systems can be efficiently simulated using the new algorithm based
on non-neutral Ewald 3d summation method. In particular we will explore the effect of
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dielectric surface polarization on the interaction between anionic polyelectrolyte and a like-
charged membrane. In the following sections we will present the computational details,
results, discussions, and the conclusions of the present study. All the technical details of the
derivations will be provided in the appendix.
Computational Details
Our system consists of a negatively charged membrane with a surface charge density σ,
anionic polyelectrolyte, and dissolved salt. The simulation box has sides Lx = 160.1 A˚,
Ly = Lx and Lz = 4Lx. The electrolyte is confined in−Lx/2 < x < Lx/2, −Ly/2 < y < Ly/2
and 0 < z < L, where L = 250 A˚, while empty space is maintained in the complementary
region. The charged surface is located at z = 0, while the confining neutral surface is located
at z = L. The primitive model is considered. The polyions are modeled as flexible linear
chains of Nm spherical monomers of charge −q adjacent to each other, where q is the proton
charge. Besides ions from α : 1 salt at concentration ρS, where α is the cationic valence,
additional monovalent counterions of charge q that neutralize polyion and surface charges
are also present. The effective diameter of all ions and monomers is set to 4 A˚. The water is
a continuum medium of dielectric constant ǫw = 80ǫ0, where ǫ0 is the dielectric constant of
the vacuum. The Bjerrum length, defined as λB = q
2/ǫwkBT , is set to 7.2 A˚, value for water
at room temperature. In the region of empty space, z < 0, we consider that the medium is
a continuum with dielectric constant ǫm, modeling the membrane. The total energy of the
system is given by
U = US + Uself + UL + Ucor + UP + Upol . (1)
In the present method, the details of which are presented in appendix, the electrostatic
interaction energy between an infinite charged dielectric surface and all the charged particles
is given by,
UP = −2π
ǫw
(1 + γ)
N∑
i=1
qiziσ , (2)
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where γ = (ǫw−ǫm)/(ǫw+ǫm). The rest of the polyelectrolyte-electrolyte system, which is not
charge neutral, is treated using periodic 3d Ewald summation. The Coulomb potential is split
into short range and long range contributions. The short range part can be studied using
simple periodic boundary conditions, while the long-range contribution can be efficiently
evaluated in the reciprocal Fourier space. The short range electrostatic energy is
US = (1/2)
N∑
i=1
qiφ
S
i (ri) , (3)
where φSi (r) is,
φSi (r) =
N∑
j=1
′
qj
erfc(κe|r − rj |)
ǫw|r − rj| +
N∑
j=1
γqj
erfc(κe|r − r ′j |)
ǫw|r − r ′j |
, (4)
where N refers to all the charges in the simulation box, except the wall, rj is the position of
the charge qj and r
′
j = rj − 2zjzˆ is the position of the image charge γqj . The prime on the
summation means that j 6= i. The damping parameter is set to κe = 4/Lx. The self-energy
contribution is
Uself = −(κe/ǫw
√
π)
N∑
i=1
q2i . (5)
The long range electrostatic energy is
UL =
∑
k 6=0
2π
ǫwV |k|2 exp(−
|k|2
4κ2e
)×
[
A(k)2 +B(k)2 + A(k)C(k) +B(k)D(k)
]
, (6)
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where
A(k) =
N∑
i=1
qi cos (k · ri) ,
B(k) = −
N∑
i=1
qi sin (k · ri) ,
C(k) =
N∑
i=1
γqi cos (k · r ′i) ,
D(k) = −
N∑
i=1
γqi sin (k · r ′i) .
The number of vectors k, defined as k = (2πnx/Lx, 2πny/Ly, 2πnz/Lz), where n
′s are inte-
gers, is set to around 400 in order to achieve convergence.
The correction, which accounts for the conditional convergence of the Ewald summation
appropriate for the slab geometry, is derived in the appendix. It is given by
Ucor =
2π
ǫwV
[
M2z (1− γ)−GzQt(1 + γ)
]
, (7)
where
Mz =
N∑
i=1
qizi , Gz =
N∑
i=1
qiz
2
i and Qt =
N∑
i=1
qi . (8)
Note that this correction depends on the net charge Qt present inside the simulation cell,
without including the surface charge of the membrane, which has already been accounted
for in UP .
The monomers that compose a polyion interact via Coulomb potential and via a simple
parabolic potential32,45,46 which models stretching of molecular bonds,
Upol =
∑
ad.mon.
A
2
(r − r0)2 . (9)
The sum is over the adjacent monomers, where r is the distance between the adjacent
monomers, and A = 0.97 kBT , and r0 = 5 A˚.
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The simulations are performed using Metropolis algorithm with 106 MC steps for equi-
libration. The profiles are calculated with 5 × 104 uncorrelated states, each obtained with
100 trial movements per particle. Polyions can perform rotations and reptation moves. In
addition, polyion monomers can attempt short displacements, while ions can perform both
short and long distance moves.
Results & Discussion
Figure 1: Comparison between PCM concentration versus distance from surface, obtained
with ǫm = ǫ0, and with ǫm = ǫw, corresponding to absence of membrane polarization. The
membrane charge density is σ = −0.1 C/m2, the number of polyions in simulation box is
20, Nm = 18, α = 3, and salt concentration is 60 mM.
Figure 2: Comparison between trivalent cationic concentration versus distance from surface,
obtained with and without membrane polarization. The parameters are the same as in Fig. 1.
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Figure 3: Comparison between PCM concentration versus distance from surface obtained
for different salt concentrations. The parameters are the same as in Fig. 1, except α and salt
concentrations. The valence of α : 1 salt is α = 1, 2 and 3.
First, we explore the effect of the dielectric discontinuity on the interaction of polyelec-
trolyte with membrane. We consider two cases: when ǫm = ǫw and when ǫm = ǫ0. The
effect of surface polarization on ionic double layer was extensively studied for different ge-
ometries.47–56 In Fig. 1, the polyion center of mass (PCM) distribution is shown as a function
of the distance from the wall, for a system with α = 3. We see that the effect of membrane
polarization is surprisingly small. Although the multivalent counterions are strongly repelled
from the surface, see Fig. 2, the net effect on the polyion adsorption is minimal, with only
a slight change in the equilibrium position of the polyion center of mass distribution. This
effect is related with the dense structure of a polyion and the local behavior of multivalent
ions. The polyelectrolyte structure leads to peak to stay around 12 A˚, see Fig. 1, for exam-
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ple. This distance is far from the peak of trivalent ions for same parameters, around 4 A˚,
see Fig. 2. For all the following results, we will take into account membrane polarization by
setting ǫm = ǫ0.
The effect of salt concentration on adsorption is shown in Fig. 3, where the results are
presented for α = 1, α = 2, and α = 3. In the absence of salt, as can be seen, the polyions
do not adsorb to a like-charged membrane. Increasing concentration of α = 1 electrolyte
enhances the electrostatic screening decreasing the repulsion, leading to a small adsorption
for high salt, in agreement with the recent experimental results.33 For α = 2 electrolyte,
there is a significant adsorption of polyions onto a like-charged membrane, as was also ob-
served in experiments.33 We next consider α = 3 electrolyte. In this case the adsortion of
polyions is very strong, mediated by the positional correlations of the condensed multiva-
lent counterions, in agreement with the previous simulation results.32 We also see that the
adsorption decreases for sufficiently large concentrations of α = 3 electrolyte, which is again
consistent with the experimental observations.33 This behavior is related with the saturation
of condensed trivalent ions and increasing of electrostatic screening with added salt, similar
to observations of simulations with added divalent salt.31 With a sufficiently high salt con-
centration the adsorption starts to decrease also for monovalent and divalent salts, as shown
in experiments33 and simulations,31 however we do not achieve such high concentrations for
these salts in this work. Finally, in Fig. 4 we explore the effect of addition of 1:1 electrolyte
to polyelectrolyte solution containing α = 3 electrolyte at 60 mM concentration. We see that
addition of 1:1 electrolyte screens the electrostatic interactions, diminishing the adsorption
of polyions to a like-charged surface.57
The mechanism responsible for the polyion attraction to a like-charged membrane was
partially attributed to hydrophobic interactions between the charged polymers and mem-
brane, for moderate trivalent salt concentrations.33 However in this paper, we see that purely
electrostatic interactions, without any specific hydrophobic effects, already can result in a
like-charge attraction. It was also suggested33 that the charge inversion of the polyion-cation
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Figure 4: Comparison between PCM density versus distance from surface obtained with and
without addition of 1:1 salt. The concentration of 3:1 electrolyte is fixed at 60 mM. The
parameters are the same as in Fig. 1.
complex is responsible for the polyion condensation onto a like-charged surface. However, our
simulations show that, in general, this is not the case. In the presented model, the polyions
are not sufficiently charged to result in a charge reversal of the polyion-cation complex. In
simulations we see that the attraction is a consequence of strong electrostatic correlations
between adsorbed multivalent ions58–60 and the polyion monomers. Electrostatic correla-
tions have been previous found to be also responsible for the inversion of electrophoretic
mobility61,62 and attraction between like-charged colloidal particles.60,63
Conclusions
We have presented MC simulations of polyelectrolyte solutions interacting with like-charged
membranes. The simulations were performed using a recently developed algorithm, which
allows us to efficiently study inhomogeneous Coulomb systems with a planar charged inter-
face.41 The effect of membrane polarization, which results in induced surface charge, has
been taken into account using image charges. The adsorption has been characterized by the
PCM distribution. Surprisingly, we find a small adsorption of polyions onto a like-charged
membrane even for α = 1 electrolyte at sufficiently large concentrations. In this case, the
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electrostatic correlations do not play any significant role and the attraction is a consequence
of steric and depletion interactions. For α = 2 electrolyte, for all the conditions studied in
the paper, adsorption increased with salt concentration. For α = 3 electrolyte, the polyion
adsorption first increased with the concentration of multivalent salt, and then decreased.
Addition of 1:1 electrolyte to a polyelectrolyte solution containing multivalent counterions
decreased the polyion adsorption. All the results are consistent with the recent experimental
observations.
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Energy Calculations
We consider a system of N charged particles with charges qj located at rj bounded by a
dielectric wall at z = 0. The simulation box has sides Lx, Ly and Lz and volume V = LxLyLz.
The electrolyte is confined in −Lx/2 < x < Lx/2, −Ly/2 < y < Ly/2 and 0 < z < L. The
system is in general not charge neutral. In order to take into account the long range nature
of the Coulomb force, we replicate the system periodically in all directions. The ions in
the main simulation cell interact with all the other ions in the cell and also with all the
periodic replicas. We define the replication vector as rrep = (nxLx, nyLy, nzLz), where n’s
are integers. To correctly simulate the system we have to consider the polarization of the
dielectric wall, which can be done by introducing image charges. The potential due to the
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real and image charges at an arbitrary position r inside the main simulation cell is
φi(r) =
∞∑
n
′
N∑
j=1
∫
ρj(s)
ǫw|r − s|d
3s +
∞∑
n
N∑
j=1
∫
ρ′j(s)
ǫw|r − s|d
3s , (10)
where ρj(s) = qjδ(s − rj − rrep) is the charge density of ion j and its infinite replicas, and
ρ′j(s) = γqjδ(s − r ′j − rrep) is the image charge density of ion j and its infinite replicas.
The prime over summation means that i 6= j for n = (0, 0, 0). The constant γ assumes the
value γ = (ǫw − ǫm)/(ǫw + ǫm), where ǫm is the dielectric constant of the surface medium
and ǫw is the dielectric constant of the medium where the real charges are. The vector r
′
j
is the position of the image charges defined as r ′j = rj − 2zjzˆ . The vectors n = (nx, ny, nz)
represent the different replicas.
We use 3d Ewald summation technique to efficiently sum over the replicas. The potential
has the form
φi(r) =
∞∑
n
′
N∑
j=1
∫
ρj(s)− ρGj (s)
ǫw|r − s| d
3s +
∞∑
n
N∑
j=1
∫
ρ′j(s)− ρ′Gj (s)
ǫw|r − s| d
3s +
∞∑
n
N∑
j=1
∫
ρGj (s)
ǫw|r − s|d
3s +
∞∑
n
N∑
j=1
∫
ρ′Gj (s)
ǫw|r − s|d
3s −
∫
ρGi (s)
ǫw|r − s|d
3s , (11)
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where
ρGj (s) = qj(κ
3
e/
√
π3) exp (−κ2e|s − rj − rrep|2),
ρ′Gj (s) = γqj(κ
3
e/
√
π3) exp (−κ2e|s − r ′j − rrep|2) , (12)
and κe is a damping parameter. The first two terms of Eq. 11 define a short range potential,
φSi (r),
φSi (r) =
N∑
j=1
′
qj
erfc(κe|r − rj|)
ǫw|r − rj| +
N∑
j=1
γqj
erfc(κe|r − r ′j |)
ǫw|r − r ′j |
. (13)
Notice that we can exclude the summation over n’s in the short range potential, adopting
the usual minimum image convention, n = (0, 0, 0). This is appropriate because of the
exponentially fast decay of erfc(x) with increasing x. The total short range interaction
energy is then
US = (1/2)
N∑
i=1
qiφ
S
i (ri) . (14)
The last term of Eq. 11 is added in order to remove the prime over the summation in the
third term of Eq. 11 and corresponds to the potential produced by the i’th Gaussian charge,
φselfi (r) = qi
erf(κe|r − ri|)
ǫw|r − ri| . (15)
The total self energy is
Uself = −1
2
N∑
i=1
qiφ
self
i (ri) = −
κe
ǫw
√
π
N∑
i=1
q2i . (16)
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The third and fourth terms of Eq. 11 define the long range potential, φLi (r),
φL(r) =
∞∑
n
N∑
j=1
qj
erf(κe|r − rj − rrep|)
ǫw|r − rj − rrep| +
∞∑
n
N∑
j=1
γqj
erf(κe|r − r ′j − rrep|)
ǫw|r − r ′j − rrep|
. (17)
We can Fourier transform Eq. 17, resulting in
φL(r) =
∞∑
k=0
N∑
j=1
4πqj
ǫwV |k|2 exp [−
|k|2
4κ2e
]
[
exp [ik · (r − rj)] +
γ exp [ik · (r − r ′j)]
]
, (18)
with k = ( 2pi
Lx
nx,
2pi
Ly
ny,
2pi
Lz
nz). We note that the term corresponding to k = (0, 0, 0) is diver-
gent. However, the divergence can be renormalized away by changing the zero point of the
potential, as discussed in Ref.41 We expand the singular term around k = (0, 0, 0) and keep
the non-vanishing factors
lim
k→0
N∑
j=1
4πqj
ǫwV
[
1
|k|2 −
1
4κ2e
+
ik · (r − rj)
|k|2 + γ
ik · (r − r ′j)
|k|2 −
[k · (r − rj)]2
2|k|2 − γ
[k · (r − r ′j)]2
2|k|2
]
. (19)
The first two terms are zero for neutral systems,
∑N
j=1 qj = 0, but diverge for systems with
net charge. However, they are independent of position and can be renormalized away by
simply redefining the zero of the potential.41 The second and third terms are zero, as shown
in Ref.41 The remaining terms can be calculated taking into account the aspect ratio of the
infinite system. For details of calculations see Ref.41 For a slab geometry, the directions xˆ
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and yˆ go to infinity much faster than zˆ , resulting in finite correction potential
φcori (r) = −
N∑
j=1
2πqj
ǫwV
[
(z − zj)2 + γ(z − z′j)2
]
. (20)
The correction energy is Ucor = (1/2)
∑N
i=1 qiφ
cor
i (ri), which after a short calculation reduces
to
Ucor =
2π
ǫwV
[
M2z (1− γ)−GzQt(1 + γ)
]
, (21)
where
Mz =
N∑
i=1
qizi , Gz =
N∑
i=1
qiz
2
i and Qt =
N∑
i=1
qi . (22)
We can now exclude k = 0 in the long range potential, Eq. 18, since it is now accounted
for by the correction potential. The long range energy is given by UL = (1/2)
∑N
i=1 qiφ
L
i (ri)
which can be written as
UL =
∑
k 6=0
2π
ǫwV |k|2 exp(−
|k|2
4κ2e
)×
[
A(k)2 +B(k)2 + A(k)C(k) +B(k)D(k)
]
, (23)
where
A(k) =
N∑
i=1
qi cos (k · ri) ,
B(k) = −
N∑
i=1
qi sin (k · ri) ,
C(k) =
N∑
i=1
γqi cos (k · r ′i) ,
D(k) = −
N∑
i=1
γqi sin (k · r ′i) .
In general, charged surfaces also contribute with counterions, which must be included in
the main simulation cell. The electrostatic potential produced by the surface acts on all the
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charged particles inside the simulation cell and can be added as an external field,
φP (r) = −2π
ǫw
(1 + γ)σz , (24)
where σ is the surface charge density. The total plate-ions interaction energy is UP =∑N
i=1 qiφP (ri).
The total electrostatic energy is given by sum of all contributions,
U = US + Uself + Ucor + UL + UP . (25)
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